The pair of non congruent dodecagons given by Mallows and Clark with the same distribution of distance is reviewed. It is shown that what underlies their example is that the regular octagon can be decomposed into two parts which are not congruent but have the same distribution of distance. This mechanism is investigated for regular polyhedra in any dimension. It is found that for most regular polyhedra with an even number of faces or vertices there are couples of subsets which have the same distribution of distance. The sets which are complementary to the sets of these pairs also have this property. This phenomenon is, for regular polygons, generic in the sense that for a randomly chosen subset of a certain kind, it is almost certain that there is another, non congruent subset, with the same distribution of distance. The subsets mentioned so far are concave, but convex examples a la Mallows and Clark can be constructed based on pairs of concave subsets. Finally, some open questions and some conjectures about the n-dimensional sphere are stated.
Introduction
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Indeed, any regular n-polygon can be decomposed in n isosceles triangles which have one vertex at the centre of the polygon and whose other two vertices are the vertices of some side of the n-polygon. We shall call these isosceles triangles "sectors". What makes the pair of Mallows and Clark work is that for the regular octagon these eight sectors can be divided in two sets of four each (shaded and unshaded triangles in Figure 1 ) such that the sets are not congruent to each other, but the six pairs of sectors which can be formed with the four sectors in each set are congruent to each other. We now repeat this in detail and introduce some notation. The two sets of sectors are (using a counterclockwise numbering) S 4 ≡ {Tri 1 
. In summary, we have found partitions P = {S 4,1 , · · · , S 4,n } and P = {S 4,1 , · · · , S 4,n } (where S 4 = S 4,1 · · · S 4,n and S 4 = S 4,1 · · · S 4,n ), such that all the elements of P × P and P × P can be matched by congruent bijections. Definition 1.1 Whenever two bodies A and B can be partitioned into pieces such that the set of pairs of pieces of one body is setwise congruent to the set of pairs of pieces of the other body, we shall write that A and B are 2pc, which is meant to be an acronym for "their 2-tuples of Pieces are Congruent". Clearly, whenever two sets are 2pc they have the same distribution of distance.
The above congruencies are Euclidean congruencies between pairs of triangles which may involve rotations and reflections. However, since these triangles are sectors of a regular polygon, the congruencies can be found by simply checking that the absolute value of the differences between the subindices of each pair are equivalent. "Equivalent" here means that they are the same or add up to 8. This makes the numerical search of sets of sectors of regular polygons which are 2pc rather easy. We are interested in couples (S k , S k ) of sets of sectors of regular n-polygons (k < n) which are non trivially 2pc, that is, the unions Tri 1 · · · Tri k and Tri 1 · · · Tri k are not congruent to each other.
Numerical exploration of regular n-polygons up to n = 12 yields: a) 2pc couples of sets of sectors of n-polygons exist only for n even. b) 2pc sets come only in couples, i. e., there are no trios, 4-tuples, etc... of sets of 2pc sectors of n-polygons. c) Whenever a set S k belongs to such a couple, its complementary S k is also in some 2pc couple. d) In particular, when k = n/2, the members of the 2pc couples are complementary. e) It seems that, as n increases, the probability that a set of sectors picked at random in a 2n-polygon belongs to some 2pc couple increases, perhaps tending to 1 as n → ∞.
We have tried to prove the propositions suggested by this very modest numerical exploration. Theorems 2.3 and 2.6 imply propositions c) and d) for all n. We have not been able to prove or disprove a), b) or e). We have proven some results not directly suggested by the numerical exploration. In particular we have extended the research to polyhedra of arbitrary dimension. From the point of view of providing examples of non-congruent bodies with the same distribution of distance, the most important results of this work are Theorems 2.3 and 2.6. From a general point of view, however, lemma 2.1 is more fundamental.
The content of section 2 has been highlighted in the previous paragraph. In section 3 we show that if n sides of a regular 2n-polygon are chosen at random then, as n → ∞, the probability that the other n sides are non-congruent to them and (as implied by theorem 2.3) have the same distribution of distance tends to 1. This is a special case of the proposition suggested by e). Thus in this limited sense (perhaps in a little broader sense if the conjecture suggested by the numerical result e) is true) non-determination of shape by the distribution of distance is generic. This kind of result has to be weighed against another of opposite drift which applies to "sufficiently asymmetric" convex polygons [3] . The results obtained for polygons in section 3 are discussed for polyhedra in section 4. In section 5 the relation between this work and examples of non-congruent convex bodies with the same distribution of length of chords is discussed. In section 6 some suggestions of future work are made and the natural extensions to the n-dimensional spheres of the lemmas and theorems proven here are conjectured.
The adjective regular will be used in this article with two related but different meanings. We remind the reader that regular has a stronger meaning in geometry than in graph theory. Any regular polyhedron is a regular graph, but the converse is not true. For example the regular graph of 8 vertices depicted in Figure 2 is not the graph of any polyhedron in any dimension, because there are 4 vertices which can be reached in 2 steps starting from vertex 1, but there are 6 vertices which can be reached in 2 steps starting from vertex 4. 2 Polyhedra Definitions 2.1 A finite collection is a finite set where elements may be repeated. Equivalently, a finite collection is a finite sequence in which order does not matter. Let G denote a graph with set of vertices
For any graph G we denote by (S, S) a pair of full subgraphs of G such that V (G) = V (S) V (S). We endow any subset of vertices S ⊂ V (G) with the dis-
is the minimum number of links in G which join V i and V j . K(S) is the complete graph generated by S. E(S) denotes the set of edges which join vertices of S. E(S, S ) denotes the set of edges which join a vertex of S with a vertex of S .
In this section by polyhedron we mean a polygon or a polyhedron of any dimension. Let RPH(n) be the graph corresponding to a regular polyhedron of n vertices. In general
where K(RP H(n)) is the subgraph of K(RP H(n)) whose edges join pairs which are at distance from each other. In particular, K(RP H(n)) 1 = RP H(n). In a regular polyhedron the number of vertices which lie at a given distance from a vertex is the same for all vertices. Therefore K(RP H(n)) is regular for all . Note that K(RP H(n)) may be composed of disjoint pieces, as shown in Figure 3 . Let k be the degree of G. The vertices of S adjacent on A before the swap are {V 1 , ..., V a } and the vertices of S adjacent on B before the swap are {V 1 , ..., V b }. After the swap the vertices of S adjacent on B are {V b+1 , ..., V k } and the vertices of S adjacent on A are {V a+1 , ...,
2 For any K(RP H(2n)) of 2n vertices and any subset S n of n vertices of it, the number of edges joining vertices of S n is the same as the number of edges joining vertices of its complementary subset S n .
Proof. According to the preceding lemma, it suffices to show that there is some decomposition K(RP H(2n)) = S n S n for which |E(S n )| = |E(S n )|. All regular polyhedra posses reflection as a symmetry, therefore they can be decomposed into congruent S n and S n . The edges of S n and S n are also congruent and |E(S n )| = |E(S n )| follows. QED Theorem 2.3 For any regular polyhedron of 2n vertices/faces, the set of any n vertices/faces has the same distribution of distance as the set of the other n.
Proof. The statement for the vertices follows from decomposition (1) and lemma 2.2. For any regular polyhedron of 2n faces consider its face-vertex dual. Clearly if two pairs of vertices of the dual polyhedron lie at the same distance, then the corresponding pairs of faces in the original polyhedron have the same distribution of distance. QED
The following corollary follows from applying Theorem 2.3 to the n-cube:
Corollary 2.4 For any two complementary subsets of 2 n−1 sequences of the set of 2 n sequences (σ 1 ...σ n ), where σ = 0, 1, the collection of Hamming distances between the pairs of each set are the same for each set. 
Proof. |E(S)| − |E(S)| depends on |V (S)| − |V (S)| and |E(S
As for the second statement, Proof. The same as for theorem 2.3, using now lemma 2.5 instead of lemma 2.2. QED Example. The sets of vertices {1, 2, 5, 7} and {1, 2, 4, 8} of a regular dodecahedron have the same distribution of distance. Therefore, so do the sets {3, 4, 6, 8, 9, 10, 11, 12} and {3, 5, 6, 7, 9, 10, 11, 12}.
Congruency of complementary subsets for
2n-polygons Theorem 2.3 of the preceding section does not say whether the subsets S n and S n of the regular 2n-polygon are congruent or not. In order to investigate this, it is convenient to think of the 2n-polygons as 2n-cycles whose vertices belong to S n or to S n . Each such 2n-cycle may be denoted, up to rotations and reflections, by the 2r-tuple (n 1 , n 1 , n 2 , ..., n r ). This means that one may travel the cycle starting at a vertex in S, which is followed by n 1 − 1 other vertices in S, then there are n 1 vertices belonging to S and so on. r is the number of runs of each of the subsets. When r = 2, it is necessary and sufficient for S n and S n to be congruent to each other that their runs are of the same length. The necessity is obvious. As for the sufficiency, note that all such cycles are, up to congruencies, of the form (n 1 ,n 1 , n 2 ,n 2 ), where n 1 =n 1 and n 2 =n 2 . Then S n and S n can be mapped onto each other by reflection about an axis which goes through the midpoint of the edge joining the runs of length n 1 andn 1 and through the midpoint of the edge joining the runs of length n 2 andn 2 .
Let C(2n, 2) denote the number of divisions of a 2n-cycle in two sets S n and S n congruent to each other and such that S n and S n consists of two runs each. We have just seen that there is a bijection between the congruency classes of such divisions and the unordered partitions of n. A natural number n > 1 can be partitioned in two unordered natural numbers a and b in (n − 1)/2 ways when n is odd and in n/2 ways when n is even. For example 5=1+4=2+3 and 4=1+3=2+2. When a = b, each partition yields 4n different cycles by rotations and reflections. When a = b, each partition yields only n cycles. Thus when n is odd
and when n is even
The number of subsets of n vertices and r (r ≥ 1) runs of a regular 2n-polygon is 2 n r n−1 r−1 (see formula (B2') in Appendix B of [4] , where N + = N − → n and c/2 → r).
Therefore when r = 2 the probability that the complementary of a random subset of n vertices and 2 runs of a regular 2n-polygon is congruent to it is C(2n, 2) 2
The lhs of the preceding formula is 1 for n = 2, 3. This shows that the sectors of the square and the hexagon cannot be divided in two sets of 2 or, respectively, 3 sectors each, which are not congruent to each other. But in the octagon there are 2 4 2 4−1 2−1 − 4(2 × 4 − 3) = 16 such divisions. They are the 8 which can be obtained by rotation of Figure 1 and the other 8 which are obtained by switching the grey and the white colours.
A regular 2n-polygon has 1 2 2n n pairs of complementary subsets of n vertices each. When the number of runs of the sets is greater than 2, the computation of the number of such pairs which are congruent to each other is difficult. However, in order to prove the theorem of this section, it suffices to note that a necessary condition for S n and S n to be congruent to each other is that they consist of runs of the same length in the same or in reversed order. To see that this condition is not sufficient, note that in a dodecagon {v 1 , v 2 , v 3 , v 7 , v 8 , v 10 } is congruent to its complementary, but {v 1 , v 2 , v 3 , v 7 , v 9 , v 10 } is not. subsets of n vertices and r runs whose complementary subset is congruent to them.
Proof. There are n−1 r−1 ordered partitions of n in r runs, because when the numbers 1, 2, · · · , n are written, they leave n − 1 empty slots between them, r−1 of which have to be filled with separators in order to determine one ordered partition. Conversely, each ordered partition determines the slots which are filled with separators.
We are going to find an upper bound for the number of pairs (S n , S n ) of r runs of lengths {n 1 , · · · , n r } and {n 1 , · · · , n r }, respectively, where the numbers n 1 , · · · , n r are the same as the numbers n 1 , · · · , n r in the same or in reversed order. In the 2n-polygon the runs of S n and S n are interlaced as follows: (n 1 , n 1 , · · · , n r , n r ). Since the order of the n i 's has to be in the same or in reversed order as the order of the n i 's, the interlacing can happen in at most 2r ways. Since the number of symmetries of the regular 2n-polygon is 4n, the interlacing (n 1 , n 1 , · · · , n r , n r ) can be rotated and reflected to yield at most 4n different subsets. The multiplication of the three factors that we have found yields 8nr
is indeed an upper bound because in some of the interlacings (n 1 , n 1 , · · · , n r , n r ), S n and S n are not congruent to each other, as in the example given right before the statement of this lemma. QED Theorem 3.2 For r ≥ 2, the probability that the complementary of a random subset of n vertices and r runs of a regular 2n-polygon is congruent to it goes to 0 as n → ∞.
Proof. The number of subsets of n vertices and r (r ≥ 1) runs of a regular 2n-polygon is 2 n r n−1 r−1 (see formula (B2') in Appendix B of [4] , where N + = N − → n and c/2 → r). When r > 2 the said probability is bounded by 
Congruency of complementary subsets for polyhedra
The symmetry group of the equilateral triangle is the symmetric group S 3 and the symmetry group of the tetrahedron is the symmetric group S 4 . In general, the symmetry group of the (n − 1)-simplex is the symmetric group S n . In particular, the symmetry group of the (2n − 1)-simplex (which has an even number, 2n, of vertices) is the symmetric group S 2n . Consider a permutation of S 2n which consists of a single cycle, say (1, ..., 2n) (see Chapter 7 of [5] for an introduction to permutations and cycles). This cycle maps the subsets of vertices {1, 3, 5, ..., 2n − 1} and {2, 4, 6, ..., 2n} onto each other. Any subset of n vertices of (2n − 1)-simplex can be labeled with the odd or even numbers up to 2n. Therefore, for the regular (2n − 1)-simplex any two complementary subsets of n vertices or of n faces are congruent to each other. Any set of 3 vertices of the regular octahedron is congruent to its complementary, as can be seen by inspection. One can also check that for the square and the cube, any set of 2 or 4 vertices, respectively, is congruent to its complementary. But already for the 4-cube there are counterexamples. Let us denote the coordinates of the vertices of the unit n-dimensional cube by (σ 1 ...σ (i−1) σ i σ (i+1) ...σ n ), where σ i = 0, 1. The set S = {(0001), (0011), (0010), (0110), (0100), (1100), (1000), (1001)} is connected, but the vertex (0000) of its complementary set,S, is isolated, because all of its 4 neighbours are in S. Therefore S andS cannot be congruent.
Similarly, for the regular dodecahedron and icosahedron, connected sets of 10 and 6 vertices, respectively, can be chosen which surround one vertex, so that the complementary set is not connected and again this provides examples of two sets comprising half of the vertices each, which are not congruent to its complementary.
A quantitative investigation of the number of complementary sets which are congruent, as it was done for polygons, has its own interest, but it is not done here for polyhedra. The few cases that we have discussed in this section hint at a result similar to Theorem 3.2: the larger the dimension and the larger the number of faces, the smaller is the probability that complementary sets of the same number of vertices are congruent.
Pairs of non-congruent convex bodies with the same distribution of distance
The distribution of length of chords of convex bodies is determined by its distribution of distance ( [6] , for a clear exposition of this in English see Appendix A of [7] ). This is why finding pairs of convex bodies with the same distribution of distance can be of greater interest than finding pairs of concave bodies with the same such distribution. Mallows and Clark [2] constructed a pair of convex dodecagons based on the splitting of a regular octagon in the two halves seen in Figure 1 . In order to do that they put a cap on each of the sides of one of the sets with slope small enough so that the resulting dodecahedron be convex. Had the cap been too spiky, the resulting dodecagon would have been concave. This procedure can be applied straightforwardly to any regular polygon.
0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 We argue now that both dodecagons have indeed the same distribution of distance. Each dodecagon is made of a regular octagon and 4 caps. The distances between points inside the octagon or between a point in a cap and a point in the octagon are obviously the same for both dodecagons. Any difference in their distribution of distance could only come from distances between points in caps. But such distances are determined by the corresponding sectors, and we have seen that they are pairwise congruent.
There is a similar construction which, starting with the octagon, can yield pairs of convex figures with the same distribution of distance. We circumscribe the octagon with a circumference and then put on 4 caps, as shown in Figure  5 , in the places corresponding to the Mallows and Clark dodecagons. The argument of the preceding paragraph applies to this pair of figures if the word "octagon" is substituted by "circle". Now we have greater flexibility as to the width of the caps, because they can have any width which is smaller than the width of a sector of the octagon, as long as we keep their slopes small enough for the resulting figure to be convex. In the figure the width of the caps is about half the width of the sectors. Of course, all caps have to be congruent.
This procedure can be extended to regular polyhedra. In this case the caps become pyramids which have a face of the polyhedron as the base and whose "top" vertex is located above the center of the face and it is low enough so that the resulting figure is convex. As seen in section 4 this yields examples of non-congruent convex bodies with the same distribution of distance based on the dodecahedron, the icosahedron and the n-cube for n > 3. Again, examples based on polyhedra can be used to yield examples on the sphere as shown in the preceding paragraph. The caps become now "volcanoes" of slope gentle enough to preserve convexity.
Open questions and conjectures
The work presented here suggests a number of lines of research.
As stated in section 1, we have not been able to prove or disprove the statements suggested by the results a), b) or e) of the numerical exploration. Lemma 3.1 gives an upper bound, but not an exact formula, for the number of pairs (S n , S n ) which are congruent to each other. As mentioned in section 4, a quantitative research of the sort done in section 3 for polygons is lacking for polyhedra.
To the best of our knowledge, it is an open question whether examples of pairs of non-congruent convex figures or bodies exist which are not based on a symmetric body, but we believe that they do. They could constructed upon sets of vertices of irregular polyhedra, following the method depicted in Figure  5 . For example, two non congruent sets of 5 points located on the surface of the sphere such that the 10 distances between them are the same. Such an example could not be based on the previous constructions because there are not regular polyhedra of 5 or 10 faces. Similar examples could be stated for points on the circumference or on spheres of larger dimension.
The definition of 2pc couples of bodies given in section 1 can naturally be extended to 3pc,..., npc,... and this would open up, among others, the problem of whether bodies are determined by the distribution of areas of triangles generated by 3 randomly chosen points, etc. Kingman discussed a related matter when discussing Sylvester's problem [8] .
It is natural to conjecture that the lemmas and theorems of section 2 can be extended to yield:
Conjecture 6.1. Let (A, A) be a partition of the spherical surface S n into two sets. Let ρ A and ρ A be their pdf's of distance. Then |ρ A − ρ A | depends only on the difference in their n-areas.
Conjecture 6.2. If the spherical surface S n is divided in two subsets A and A of equal n-area, then these two subsets have the same distribution of distance.
Conjecture 6.3. Let the spherical surface S n be divided in two subsets A and A of equal n-area and of equal pdf's of distance, ρ A = ρ A . Then their complementary subsets satisfy ρ A = ρ A and ρ A,A = ρ A ,A , where ρ A,A and ρ A ,A are the pdf's of distance between the sets A and A, and A and A , respectively.
Conjectures 6.2 and 6.3 would follow from Conjecture 6.1. Conjecture 6.1 is easy to prove for S 1 , because a circumference is the limit of a regular n-polygon when n → ∞. However, the existence of regular polygons of an arbitrarily large number of faces is a feature exclusive of 2 dimensions (for example in 3 dimensions the icosahedron is the regular polyhedron with the largest number of faces [9] ). This makes Conjecture 6.1 not easy to prove for S n , n > 1.
